Introduction
By a quasi-permutation matrix, we mean a square matrix over the complex field C with non-negative integral trace. Thus, every permutation matrix over C is a quasi-permutation matrix. For a given finite group G, let p(G) denote the minimal degree of a faithful permutation representation of G (or of a faithful representation of G by permutation matrices), let q(G) denote the minimal degree of a faithful representation of G by quasi-permutation matrices over the rational field Q, and let c(G) denote the minimal degree of a faithful representation of G by complex quasi-permutation matrices.
By a rational valued character, we mean a character χ corresponding to a complex representation of G such that χ(g) ∈ Q for all g ∈ G. As the values of the character of a complex representation are algebraic integers, a rational valued character is in fact integer valued. We will call a character corresponding to a representation of G to GL(n, Q) a rational character of G. It is easy to see that
, where G is a finite group.
In this paper, we solve a problem posed by Hartley:
In fact, it is easy to prove that c(G) = q(G) when p is an odd prime. In this case, a good question to be asked is: For a p-group G with p an odd prime, when is [4] , we showed that when G is a generalized quaternion group, then 2c(G) = q(G) = p(G). So in this case, a good question to be asked is: For a 2-group G, when is c(G) < q(G) < p(G)? In order to find an example, we worked on some p-groups (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] ). The most important thing that we have in all of these cases seems that q(G) = p(G). In this paper, we prove that in fact this is true for all p-groups (p is an odd prime or 2).
For an odd prime p and a p-group G, since c(
In [4] , we have some examples that 2c(G) = q(G) = p(G). In [10] and [11] , we have some examples that c(
Algorithms for c(G), q(G) and p(G)
Let G be a finite group. Let C i for 0 ≤ i ≤ r be the Galois conjugacy classes over Q of irreducible complex characters of the group G. For 0 ≤ i ≤ r, suppose that ψ i is a representative of the class C i with
the n i 's are non-negative integers and I ⊆ {1, . . . , r}, we will use the notation m(χ) 
where
Now we give simple but similar algorithms to calculate c(G) and q(G).

Lemma 2.2. Let G be a finite group. Then
Proof. Let G be a finite group and c(G) = ξ (1) . Then ξ = m(ξ)1 G + i∈I n i Ψ i for some I ⊆ {1, . . . , r} by Theorem 2.1. We know that K I = i∈I ker ψ i = 1. So it is enough to prove that n i = 1 for all i ∈ I and K J = 1 for all proper subsets J of I.
Assume that n i > 1 for some i ∈ I and j∈J ker ψ j = 1 for some J ⊂ I. Set η = m(η)1 G + j∈J Ψ j and observe that η is a non-negative rational valued faithful character of
Since ξ is a minimal non-negative rational valued faithful character of G, it follows that η(1) = ξ(1) = c(G). Thus, it is no loss to assume that n i = 1 for all i ∈ I and K j = 1 for all J ⊂ I. The above argument can be applied for a rational character ξ corresponding to q(G) = ξ (1) . Hence, the proof is complete.
where i is a complex p-th root of 1 and i = 1. Hence, i is a primitive p-th root of unity. Set
. Note that Q(ψ i ) is a finite degree Galois extension of Q and the Galois group Γ i is abelian. So the restriction map φ :
The second part follows similarly and the proof is complete. But the reverse inequality q(G) ≤ p(G) is trivial. Therefore, we conclude that q(G) = p(G) and the proof is complete.
p(G) and q(G) for Finite p-Groups
G 1j < G 2j in G such that |G 2j : G 1j | = p and m j Ψ j = λ G 1j − λ G 2j , where λ ij is the principal character of G ij . Hence, η = m(η)1 G + j∈J (λ G 1j − λ G 2j ) = m(η)1 G + j∈J λ G 1j − j∈J λ G 2j . Since η is faithful, so is η − m(η)1 G = η − [η, 1 G ]1 G . Then η − m(η)1 G + j∈J λ G 2j is also faithful,
So q(G) ≥ p(G).
Problem. Let G be a finite nilpotent group. Then it is easy to see that G is a direct product of its sylow p-subgroups, say G = 
